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Abstract

Distributed computing is critically important for modern statistical analysis. Herein, we develop a distributed
quasi-Newton (DQN) framework with excellent statistical, computation, and communication efficiency. In
the DQN method, no Hessian matrix inversion or communication is needed. This considerably reduces the
computation and communication complexity of the proposed method. Notably, related existing methods
only analyse numerical convergence and require a diverging number of iterations to converge. However,
we investigate the statistical properties of the DQN method and theoretically demonstrate that the
resulting estimator is statistically efficient over a small number of iterations under mild conditions.
Extensive numerical analyses demonstrate the finite sample performance.

Keywords: communication efficiency, computation efficiency, distributed system, quasi-Newton methods, statistical
efficiency

1 Introduction

Modern statistical analysis often involves massive datasets (Gopal & Yang, 2013). In several
cases, such datasets are too large to be efficiently handled by a single computer. Instead, they
have to be divided and then processed on a distributed computer system, which consists of a large
number of computers (Zhang et al., 2013). Among all such computers, one often serves as the cen-
tral computer, while the rest serve as worker computers. In this scenario, the central computer
should be connected with all worker computers to construct a distributed computing system.
Thus, approaches for the realisation of efficient statistical learning on such distributed computing
systems have received considerable interest from the research community (Hector & Song, 2020,
2021; Jordan et al., 2019; Mcdonald et al., 2009; Tang et al., 2020).

Here, we consider a standard statistical learning problem with a total of N observations, where
N is assumed to be very large. For each observation 7, we collect a response variable Y; € R and
corresponding feature vector X; € R”. The objective is to accurately estimate an unknown param-
eter 0y € R? by minimising an appropriately defined empirical loss function (e.g. negative
log-likelihood function), denoted by £(6) = Zfil L(X;, Y;; 0), where £(X;, Y;; 0) is the loss function
defined on the ith sample. Under a traditional setup with a small sample size N, this optimisation
problem can be easily solved using, for example, the standard Newton—-Raphson algorithm.

Specifically, let 99 be an appropriate initial estimator of 8y. Next, let 6" be the estimator obtained
in the #th iteration. Then, the (¢#+1)-th step estimator can be obtained as follows:

—~

ToH =30 {E(F)) 7 £(5) (1.1
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where £(0) and £(6) represent the first- and second-order derivatives of the loss function £(-) with
respect to 6, respectively, and o, represents the learning rate. Here, we assume that the initial es-
timator is close to 6y, and thus, we set a; = 1 (Mokhtari et al., 2018). However, for a massive data-
set that is distributed on a distributed computing system, efficient execution of the above Newton—
Raphson algorithm becomes a nontrivial problem.

One straightforward solution is to retain the original Newton—-Raphson algorithm but with dis-
tributed computing. Specifically, we assume that there exist M workers indexed by 1 <m < M.
We denote the entire sample by Sp={1, 2, ..., N} and the sample allocated to the mth worker
by Sy € Sk. Then, we have UM_| S, = S and Si,) N Simy) =0 for any my # my. Given 67,
we can then compute the first- and second-order derivatives of the loss function as follows:

M M

L) =M 2 (9%) and E(09) = MY £ ()
m=1 m=1

where £, (0'%) = Yies, (X, Yis 09) and Liy(0Y) = Vi, 60X, Y5 09). 6(X;, Y;50") and
0X;, Y 5‘”) are computed on the mth worker and are transferred to the central computer for up-

dating o, according to (1.1). The solution is easy to implement and useful in practical applica-
tions but has several serious limitations. First, inverting the p X p-dimensional Hessian matrix
using the central computer incurs a computation cost on the order of O(p?) for each iteration.
Second, transferring the local Hessian matrices from each worker to the central computer incurs
a communication cost of order O(p?) for each worker in each iteration. Thus, this approach could
incur high computation and communication costs for high-dimensional data (Fan et al., 2019).

Consequently, various communication-efficient Newton-type methods have been proposed to
alleviate high communication costs. The underlying key idea is to maximally reduce the number
of iterations required to transfer the Hessian matrix. For example, various one-step estimators
have been proposed (Huang & Huo, 2019; F. Wang et al., 2020; Zhu et al., 2021). For these meth-
ods, only one round of Hessian matrix communication is needed. The resulting estimator can be
statistically as efficient as the global one under appropriate regularity conditions. Methods avoid-
ing Hessian matrix transmission have also been developed (Crane & Roosta, 2019; Jordan et al.,
2019; Shamir et al., 2014; S. Wang et al., 2018; Zhang & Lin, 2015). The underlying key idea is to
approximate the entire sample Hessian matrix using an appropriate local estimator, which is com-
puted on a single computer (e.g. the central computer). Consequently, the communication cost re-
sulting from Hessian transmission can be avoided. The inspiration for most statistical research on
these methods is to obtain an estimator with statistical efficiency comparable to that of the global
one within a small number of iterations. In this manner, the communication cost could be signifi-
cantly reduced.

Nevertheless, the computation cost for calculating the Hessian inverse matrix is still of order
O(p?). On one hand, to avoid matrix inverse calculation, distributed gradient descent algorithms
have been developed (Goyal et al., 2017; Lin & Zhou, 2018; Qu & Li, 2019; Su & Xu, 2019),
which require only first-order derivatives of the loss function (i.e. gradients). However, a large
number of iterations are typically required for convergence, and the choice of hyperparameters
is cumbersome. On the other hand, quasi-Newton methods in a distributed manner have been de-
veloped to address this problem (Chen et al., 2014; Eisen et al., 2017; Lee et al., 2018; Soori et al.,
2020). The key idea behind quasi-Newton methods is to approximate the Hessian inverse in each
iteration without actually inverting the matrix (Davidon, 1991; Goldfarb, 1970).

Specifically, for quasi-Newton methods, given an approximately inverted Hessian matrix in the
tth iteration H?, we could obtain H**") by solving a linear equation, which is referred to as a se-
cant condition (Davidon, 1991; Goldfarb, 1970):

H(t+1){t(§(t+l)) _ E(’e\(t))} — (@(t+1) _'é(t)> (12)
Unfortunately, the secant condition cannot uniquely determine H**!). Two classical solutions
have been proposed to solve this problem. The first is symmetric rank one update (Davidon,
1991; SR1). The second solution is referred to as symmetric rank two update (Goldfarb, 1970;
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SR2), which is also called Broyden—Fletcher—-Goldfarb-Shanno (BFGS) update. The distributed
SR1 (Soori et al., 2020) and BFGS (Chen et al., 2014; Eisen et al., 2017) methods are correspond-
ingly designed. The communication cost of these types of methods could have orders as low as
O(p) in each iteration. However, multiple rounds of communication are still required.
Moreover, most of the existing studies discuss the numerical convergence of distributed
quasi-Newton methods; however, discussions on statistical properties are limited.

To address this, we develop a novel distributed quasi-Newton (DQN) learning method that fo-
cuses on the statistical efficiency. With the help of a statistical discussion, we demonstrate that the
proposed DQN algorithm requires only a small number of communication iterations to produce
an estimator that is statistically as efficient as the global one. As a consequence, the proposed es-
timator is both communicationally and computationally efficient. Specifically, estimators and ap-
proximated Hessian inverses are first locally computed on each worker computer. Then, a
communication mechanism is designed so that each worker passes the local Hessian information
to the central computer but only in the form of a p-dimensional vector. In each iteration, the com-
munication cost is of order O(p), which is the same as that reported in most existing DQN-related
studies (Chen et al., 2014; Eisen et al., 2017; Lee et al., 2018; Mokhtari et al., 2018; Soori et al.,
2020). However, the proposed DQN method requires only a finite number of iterations with stat-
istical guarantees. To be more precise, under the mild condition, i.e. Np2K(log p)*+! /n2K+2 — 0,
only 3K rounds of iterations are required, where K is a small finite integer. Consequently, the over-
all costs attributed to communication and computation are statistically guaranteed. By contrast, a
diverging number of iterations is required by methods presented in the existing literature.

The remainder of this paper is organised as follows. In Section 2, we present the DQN method-
ology and theoretical properties. Numerical studies, including simulation experiments and real
data analysis, are presented in Section 3. Section 4 concludes the article with a brief discussion.
All technical details are delegated to the appendixes.

2 Methodology

2.1 Quasi-Newton algorithm

We first introduce some notations for model definition. We consider a standard
master-and-worker type distributed computation system with one central computer and M
worker computers. Let us recall that S, is the index set of the sample distributed to the mth
worker. For convenience, we assume that |S,)| =# for every 1 <m < M. Then, we have
N=#nM. Moreover, we recall that the global loss function is given by
L£(6)=N-1 Zfil L(X;, Yi; 0). We define gge =argmin,L(0) and 0y = argminyE{¢(X;, Y;; 0)} as
the global estimator and true parameter, respectively. Under appropriate regularity conditions
(Shao, 2003), we have «/N(’ége —6y) — 4 N(0, ) for some positive definite matrix T € R?* as
N — oo. For example, £(0) can be defined as twice the negative log-likelihood function.

Accordingly, ’G\ge becomes the maximum likelihood estimator (MLE). Subsequently, we define

the local loss function on the mth worker computer as £, (8) = n~! Yies, UXi, Yis 0). Letam) =
argmingL,,(0) be the estimator locally obtained on the mth worker computer. Furthermore,
€(X;, i3 0) = 0U(X;, Yj3 0)/00 € RP, £(X;, Y5 6) = 0(X, Y3 0)/000" € RP*P, and £ (X, Y5 6) =
avec{é(X;, Yi; 0)}/00 € RP* denote the first-, second-, and third-order derivatives of 6, respect-
ively. Finally, for any matrix B € R?*, || B||, is the maximum singular value of B. If B is a sym-
metric matrix, then Apin(B) and Amax(B) represent its minimal and maximal eigenvalues,
respectively.

Before presenting the new method, we briefly introduce quasi-Newton methods. The well-
known quasi-Newton methods were developed to address the problem of computation cost
(Davidon, 1991; Goldfarb, 1970). The key idea is to approximate the Hessian inverse without in-
verting the Hessian matrix. Let H®) € R?*? be the approximately inverted Hessian matrix used in
the tth iteration. For the standard Newton-Raphson algorithm, we have H® ={£(60")}~".
However, for the quasi-Newton algorithm, this is defined in a different but smart manner.
Specifically, note that £(6"*V) — £(6") ~ £(69)(6"*") — 6") based on Taylor’s expansion. This
suggests that given H?, we could obtain H**!) by solving the secant condition (1.2). As mentioned
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previously, the secant condition cannot uniquely determine H**!. For SR1 update (Davidon,
1991), given H", H** is updated based on the rank one correction of H?, i.e. H*1) = H® 4
auu' for some undetermined coefficient o € R and # € R?. Accordingly, solving o and # using
(1.2), we obtain

.
Hi+Y = 5O 4 vl (2.1)
{0} [ L@ - (@)

where ¥ =9+ _ g0 _ H(”{ﬁ@(”l)) - Z(@‘t))}. For SR2 update (Goldfarb, 1970), given H®,
H®*1 is updated according to

HI = (VYT HO VO 450 (g(m) _gm) (ym) _ ’gm)T (2.2)

-~ ~ o~

where p@ = 1/[(0"1) = @) T{Z(**V) = L)1, VO =1, — p@{£(0*V) = L)} (@1 = 9T,
and I, € R? is an identity matrix. Equation (2.2) is the well-known BFGS formula (Goldfarb,
1970). For convex loss functions, (2.2) guarantees the positive definiteness of H**V) if H® is posi-
tive definite (Nocedal & Wright, 1999). Derivation details for obtaining (2.1) and (2.2) are de-
scribed in Appendix D. )

Comparing (2.1) and (2.2) with {E(’é(”)}_l, we find that no Hessian matrix inversion is needed
for computing H**") using the SR1 or BFGS algorithm if the previous update H is available.
Thus, both algorithms offer highly efficient computation. After computing H' ® 9" can be updated
as 01 =90 — HO £(g"). As proved in Broyden et al. (1973), the resulting estimator converges

Q-superlinearly to the global estimator gge; ie. ||/9\(”]) —5g6||/||§(t) _b\ge” — 0 ast— oo for a
strongly convex loss function. This convergence rate is slightly lower than the quadratic rate of
the classical Newton-Raphson algorithm. However, it is much faster than the linear rate of vari-
ous gradient-based methods. This makes the quasi-Newton algorithm one of the most popular al-
gorithms in practice (Nocedal & Wright, 1999).

2.2 Distributed one-stage quasi-Newton estimator

To avoid multiple rounds of iterations, we consider the distributed one-stage quasi-Newton esti-
mator. We were motivated to do so for two reasons. First, as mentioned previously, the
quasi-Newton method is computationally efficient, because no Hessian matrix inversion is in-
volved. This makes it particularly attractive for high-dimensional data analysis. Second, with an
interesting modification, we find that the quasi-Newton algorithm can operate with a
master-and-worker-type distributed computing system in a very natural and comfortable manner.
The resulting communication cost is also minimal, that is, of order O(p). Specifically, we present a
communication and computation efficient distributed one-stage quasi-Newton algorithm, which
can be executed using the following three steps.

Step 1. At the start, we assume that an initial estimator can be provided for the central computer.
The initial estimator should be convenient to obtain. Moreover, it needs to be consistent, but ex-
cellent statistical efficiency is not necessary. Here, we consider the popularly used one-shot estima-
tor (Zhang et al., 2013) as the initial estimator. Accordingly, we need each client to report a local
estimator 5<m) determined by the quasi-Newton algorithm to the central computer. Next, a global
estimator can be simply assembled as 5stage,0 =M Zl\milam). Once the initial estimator gstage,o is
obtained, it is then broadcasted to every worker computer; see the left panel of Figure 1. This com-

pletes the first round of communication with O(p) cost.

Step 2. After receiving Bgge0 from the central computer, each worker computer can compute
the local gradients b(,,,)(ﬁstage,o). These are then transferred back to the central computer to deter-
mine the global gradient ﬁ(@stage’o) =M szl "C(m)(b\smge,o)u Thereafter, the global gradient

o~

L(Ostage,0) should be broadcasted back to each worker computer. The middle panel of Figure 1
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Figure 1. lllustration of the communication-efficient one-stage method.

presents an illustration of this second step. This completes the second round of communication
with O(p) cost. R

Step 3. When deriving 6, in Step 1, the approximated Hessian inverse H ) is also obtained as
a byproduct of the quasi-Newton algorithm. We apply H,,) to the global gradient vector
Z(()smge 0) to obtain a p-dimensional vector Hi,,0 b(ﬁsmge 0), which is then reported back to the cen-
tral computer. This completes the third round of communication with O(p) cost. Recall that the
central computer also holds the initial estimator Hstage 0. Then, a new estimator can be obtained as
follows:

6stage,1 = estage 0~ M~ Z H (m,0) astage 0)
m=1

The right panel of Figure 1 presents an illustration of the last step. For convenience, we refer to
gstage’] as the one-stage DQN estimator (DQN(1)).

__ To summarise, three rounds of master-and-worker communication are needed to compute
Ostage,1- Because the communication cost for each round is of order O(p), the total communication
cost is also of the same order, which is the lowest communication complexity possible for a
p-dimensional distributed parameter estimation problem. A more detailed description of the algo-
rithm is given in Algorithm 1. Note that Gsmge 1 shares a similar spirit as the classical one-step es-
timator for MLE (Van der Vaart, 2000). However, HstageJ is mainly designed for a distributed
system with minimal communication and computation costs.

2.3 Theoretical properties

We next study the theoretical properties of the proposed DQN(1) estimator. To this end, several
regularity conditions must be considered.

(C1) (Randomness) Assume that (X;, Y;)s on the mth worker are independently and identically
distributed.

(C2) (Parameters) The parameter space © is a compact and convex subset of R?. In addition,
0o € int(0®) and R :=supygg 16 — 6ol > 0.

(C3) (Local strong convexity) Define Q(6) = E[¢(X;, Yi; O{€(X,, Yi; 0)}' 1= —E{{(X;, Yi; 0)).
Assume tmin < Amin{Q(00)} < Amax{Q(00)} < Tmax for some positive constants Ty, and Tmay.

(C4) (Smoothness) Define B(6y, ) = {0 € R?|||0 — 0y|| < 6} to be a ball around 6y with radius
6> 0. Assume that there exist two constants Cg > 0 and Cy > 0 such that the following
inequalities hold.

E{ Hz‘(x,-, Y;; 6) Hj} <CS E {Hz X,, Yi; 0) — H } <CS  forall € B(6y, 9).
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Algorithm 1 Distributed one-stage quasi-Newton algorithm

Input: Initial estimators gf?n)), H:SJ,O) on the m-th worker, tolerance § > 0, maximum iterations T
Output: One-stage estimator Gage |
form=1,2,... M (distributedly) do

While tol > ¢ and ¢t < T do

O =00 — HY o Ly (61),), where Hl)  is updated by (2.1) or (2.2)

end

Save H:Z’o) and @EZ) at convergence as Hj,, o) and /é(m) and then transfer ?)(m) to the central computer
end
The central computer computes /f}stage,o =M1IyM /9\(,,4) and broadcasts ’éstage,o to each worker
form=1,2,... M (distributedly) do

Compute Zi(m)(ﬁstage,o) and transfer it to the central computer

end
The central computer computes E(/H\mge,o) =M1 ZZ:I Zl(m)(@mge,o) and broadcasts K(@Srage)o) to each worker
form=1,2,... M (distributedly) do
Calculate H(myo)/'v(@mge,o) and transfer it to the central computer
end

The central computer computes Gsage,1 = Ostage,o — M ™! Z%:I Hyr,0) L (Ostage,0)-

Moreover, for all X € R?, Y € R, #(X;, Y;; 0) and ¥ (X, Yj; 6) are both Lipschitz continu-
ous, in the sense that for any ¢, 8" € B(6y, J) and u € R?,

HE(X,-, Y5 6) - 6(X;, Y 0)

| <CX, V)0 - '] and
[£€ X ¥is0) = € (X, Y )} @ 1) || < COXG, Yi) [0 = 0|l

and E{C}(X,, Y;)} < C8 .,
CmaX'

(C5) (Convergence) For the mth worker, define the ¢th step local approximate Hessian inverse to
be H((;)l’o), assume that lim;_, o ||H:Z’o) - {2(?9},”))}—1 l, — O.
(C6) (Dimensionality) We assume that p/logp/n — 0 as n — oo.

E[C}(X;, Y;) — E{C(X;, Y))}®] < C? _ for some positive constant

max

Condition (C1) requires that the data be randomly distributed across different computers to en-
sure the statistical consistency of the one-shot estimator as a convenient initial estimator. The
same condition was adopted in Zhang et al. (2013) and Fan et al. (2019). (C2)—(C4) are classical
regularity conditions in convex optimisation (Jordan et al., 2019; Zhang et al., 2013). (C5) guar-
antees the convergence of the approximation matrix H,, o) and has previously been rigorously in-

vestigated. Specifically, for SR1 update, (C5) has been rigorously proved by Conn et al. (1991),
assuming that sequence {HEZ,O)K@“))} is uniformly linearly independent. (CS5) has also been veri-

fied for BFGS update by Schuller (1974) under slightly stronger conditions. (C6) specifies the re-
lationship between the dimension p and local data size n. Given these technical conditions, we
establish Theorem 1.

Theorem 1 Assume that (C1)-(C6) hold. Then, we have ||55tage,l —ggell <
(M7 S 100 = 001> + L0 (00) = 60} 15 + 1{ £y (B0) = 00))
{(Om) — 00) ® Ip}l12] + 16stage,0 — 00 l1) | 6stage,0 — Ooll for some constant x> 0

with probability tending to one. Furthermore, assuming that
N(plogp)*/n* — 0, we have [Gucage,s — Oell = 0,(N712).
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The detailed proof is given in Appendix A.1. From Theorem 1, we infer that the discrepancy
between Estagel and Ege is upper bounded by (M™! ZZ ][||5 —6ol* + ||Zm)(00) Q)13+

”{E(m)( ) (00)}{(9 90)®If7}”2]+”95tag60 HOH)HHStageO_GO”—Op(plogp/n +O[) 1/\/_
Thus, the difference ||9mge,1 - ng | is further reduced compared with ||95tage,o — 0| to order
O,(1/+/N+/logp/n); see details in Equation (A.4) of Appendix A. The amount of compression

is determined by three factors: (1) averaged distance of the local estimator M~! 25:1 ([0 — O01%;
(2) averaged distance of the local estimator Hessian matrix, and third derivative matrix

M~ Z 1[”['(711 0) - Q(90)||%+||{£<m)(90) (90)}{(9 —00) ®I,}ll2]; and (3) distance between
the initial estimator and true parameter ||95tage,0 —0pll. Accordingly, assuming
N(plogp)?/n* — 0, @mgﬂ achieves the optimal statistical efficiency. When p is fixed, this condi-

tion reduces to N/»#* — 0. It is a condition much weaker than N/#? — 0, which has been typically
assumed in the existing literature (F. Wang et al., 2020; Zhang et al., 2013).

2.4 Distributed multi-stage quasi-Newton estimator

In the previous section, we introduced the DQN(1) estimator. Note that to achieve the optimal
statistical efficiency, we require N(log p)*/n* — 0. This condition can be easily satisfied if the fea-
ture dimension p is not too high. By contrast, if p is relatively high, the convergence rate of the
DQN(1) estimator slows dow n. To fix this, we further develop a multi-stage DQN estimator.
First, we present a two-stage DQN estimator with two extra updating steps with BFGS update
and refer to it as the DQN(2) estimator. The details of the DQN(2) algorithm are given below.
It is remarkable that, after the first three steps, the DQN(1) estimator Osge,1 is already computed
by the central computer.

Step 4. Broadcasting the DQN(1) estimator to each worker computer. Similar to the DQN(1)
algorithm, the worker computer should compute the local gradient E ( Ostage,1), Which should
be reported back to the central computer. As a consequence, the global gradient £(6sage,1) can
be assembled. This leads to two rounds of communication with a cost of order O(p).

Step 5. Note that, when we compute the DQN(1) algorithm, each worker holds an approximated
Hessian inverse matrix H,, o). Moreover, note that €gge,0 and E( stage,0) are the estimators obtained
in the process of the DQN(1) algorithm for each worker. Consequently, given H,, o), each worker
could compute the updated matrix H,, 1) according to the BFGS formula (2.2) as follows:

T N ~ N ~ T
H(m,l) = {VO} H(m,O) { VO} +,00 (Hstage,l - 95tage,0> (Hstage,l - Hstage,0> (23)

where Vo= Ip - po{t(/éstage,l) - ‘.C(/éstage,O)}(b\stageJ _/éstage,O)T and Po = 1/[( stage,1 — 95tage,0>T
{Z(nge,l) - t(@smge,o)}]. After computing H. 1), it is applied to the global gradient £( stage,1)-

This leads to a p-dimensional vector H,, 1 )t@smge,l ), which is then reported back to the central com-
puter. Subsequently, the DQN(2) estimator could be derived as

/a\stage,l —Astage 1= - Z H (m,1) < stage, 1) (24)

Thus, Steps 4 and 5 constitute the second stage estimation. The detailed algorithm is given in
Algorithm 2. Moreover, a two-stage DQN estimator with the SR1 updating strategy could be simi-
larly obtained; more details are presented in Appendix C.1.

Similar to Algorithm 1, Algorithm 2 incurs another three rounds of communication. Recall that
three extra rounds of communication are needed for computing g1 Thus, a total of six rounds of
communication are needed for computing 6g,ge2. The communication cost for each round remains
of order O(p). Consequently, the total communication cost of the two-stage estimator remains of
order O(p). Additionally, no Hessian matrix needs to be inverted. However, a better estimation ac-
curacy could be achieved due to the additional updating stage, which leads to the next theorem.
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Algorithm 2 Distributed two-stage quasi-Newton algorithm

Input: DQN(1) estimator Oyage,1 on the central computer, Gsage,0, C(ﬂstagc,o), and the initial Hessian inverse
approximation H,, o) on the m-th worker

Output: DQN(2) estimator @mge,z

The central computer broadcasts gmgc, 1 to each worker

form=1,2, ..., M (distributedly) do

Compute Z(m)(/ﬁ\mge,l) and transfer it to the central computer

end

The central computer computes E()H\Smgeﬂ )=M"1 Z%:l Z(m)(’émgeﬂ ) and broadcasts K(Esrage,fl) to each worker
form=1,2, ..., M (distributedly) do

Update Hy,, 1) according to (2.3).

Calculate H(mgl)b(ﬁmge’l) and transfer it to the central computer

end

The central computer computes Gyage> = Osrage,1 — M™! Z%:l Hpn,1) £ (Ostage,1)-

Theorem 2 Assume that the technical conditions (C1)-(C6) hold. Then, we
have  [[0yage2 — Ouell < k2 (M1 01 [100m) — Ooll* + 112 (0) — QU60) 13+
£,y (80) = 00)H(Bm = 0) ® Ip}l2] + [0age.0 = Ooll) 1sage,t — Ogell ~ for
some constant k; > 0 with probability tending to one. Furthermore, assum-
ing that Np*(logp)®/n® — 0, we have ||§5[age,2 —Egeu =0,(N71/2).

The proof of Theorem 2 is given in Appendix A.2. It could be verified that the discrepancy be-
tween Estage,z and /ége is further reduced from ||/H\Smge,1 —5ge|| =O,(plogp/n*) + op(l/\/ﬁ) to
||§mge,2 _gge” = O, (p*( logp)*/? /) + op(l/\/N); see Appendix A for more details.
Accordingly, the optimal statistical efficiency can be achieved if Np*(logp)®/n® — 0. This is a
weaker condition than that of the DQN(1) estimator. Next, we extend the idea of the DQN(2)

estimator to develop the multi-stage DQN (DQN(K)) estimator /H\Mge,K. The detailed algorithm
is given in Algorithm 3. The theoretical properties are summarised by Corollary 1.

Corollary 1 Assume that the technical conditions (C1)—-(C6) hold. Then, we
have  [1Buage,k = Baell <16 (M7 0L 16y — B0l> + 1 (60) — Q60) 13+
II{ b(m) (6o) — Q(HO)}{(E(m) = 00) @ Ip}l2] + ||55tagc,0 - HO”)Kngstagc,O — 6| for
some cnstant x, > 0 with probability tending to one. Furthermore, assum-
ing that Np2K(log p)**!/n2K+2 — 0, we have ||55tage,K —/O\geH =0,(N"1/2).

The proof of Corollary 1 is given in Appendix A.3. It could be found that Corollary 1 is a directly
generalised version of Theorem 2. To be more specific, the discrepancy between the DQN(K) es-
timator 5stage,K and gge is further compressed from ||55tage,o —ggell by (M™! andzl [||5(m) — O l*+
1Zm)(60) = 60113 + I1{ £,y (B0) = O0)H (Oim) — 00) @ Ip}l2] + [10seage,0 — Goll).  Consequently,
the optimal statistical efficiency can be obtained using the DQN(K) estimator with even weaker
technical conditions. In other words, Np2K(log p)¥*! /n2k+2 5 0. Moreover, Algorithm 3 shows
that the DQN(K) estimator requires 3K rounds of communication, with cost O(p) for each round.
Therefore, practical applications should consider the trade-off between statistical efficiency and
time cost.

3 Numerical studies

3.1 Performance of the DQN algorithm

We start with demonstrating the finite sample performance of the proposed DQN method.
Specifically, we present two simulation examples as follows.
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Algorithm 3 Distributed Distributed K-stage quasi-Newton algorithm

Input: DQN(K—1) estimator @qge,k—1 0N the central computer, Oyagek-2, Z(gstagC,K—Z)s and Hessian inverse
approximation H,, x_) on the m-th worker

Output: DQN(K) estimator @mge,,(

The central computer broadcasts ge,k—1 to each worker

form=1,2, M (distributedly)do
Compute £ ( stage,k—1) and transfer it to the central computer
end
The central computer computes Z(@stage,;(q )=M"1 Z%:I t(m)(@mge,K,1 ) and broadcasts Z()Q\smge,Kq) to each
worker

form=1,2, ..., M (distributedly) do
Compute Hypk-1) = { Vk-2} Himk-2){ Vi2} + ps (Pstage k1 = Oreage.k2) (Ouvagek-1 — Outagek-2) "
Calculate H(m,K—l)A.c(éstage,l) and transfer it to the central computer

end

The central computer obtains

’H\Stage,K =§stage,K—1 -MryM H(m,K—'I)b(/H\stage,K—l)-

e Example 1 (Logistic regression). We consider a logistic regression, which is one of the most
popular classification models. We set 8y = coy/||7ll, where y € R is generated from a standard
normal distribution, and ¢y = 1.5 controls the signal strength. The covariate X; is generated
from a multivariate normal distribution with E(X;) =0 and cov(Xj;,, Xj;,) = p/1 72! with p =
0.5 for 1 <ji,j» <p. Given X;, the response Y; € {0, 1} is then generated according to
P(Y; =1|X;, 60) = {1 +exp (- X[ 6p)} "

e Example 2 (Poisson regression). This is an example revised from Fan and Li (2001).
Specifically, 6y and X; are the same as those in Example 1 but with ¢y =0.3 and p=0.2.
Conditional on X;, response Y; is generated from a Poisson distribution with
E(Yi|X;) = exp (X[ 6)).

For each simulation example, the sample size is N = 10°, and we vary the local data size 7 and di-
mension p. The generated sample data are randomly distributed to different workers M = N/#n.
We replicate the experiment R = 100 times for reliability.

To gauge the finite sample performance of the proposed method, various performance analyses
are developed. Specifically, let Qsmge « be the DQN(K) estimator (by SR1 or BFGS updating) ob-
tained in the rth rephcatlon Then, the mean squared error (MSE) is defined as
MSE =R™! Zr—l 116! Stage « — Ooll*. Moreover, a total of four measures are developed to evaluate
the estimator’s stability and robustness. They are the MSE values in log-scale (i.e. log(MSE)),
standard deviation (SD) of log(MSE), inter-quartile range (IQR) of log(MSE), and range of
log(MSE). The detailed results are given in Tables 1 and 2. Because simulation results of
Example 1 are quantitatively similar to those of Example 2, we report the results for Example 1
only. The detailed results for Example 2 are given in Appendix E.

From Table 1, we find that the values of all four measures increase as p decreases for a fixed 7. By
contrast, from Table 2, we find that, with a fixed p, larger 7 always leads to an improved estima-
tion performance in the sense that all four measure values approach those of MLE (i.e. ng)
Moreover, when p is relatively small or # is relatively large, the log(MSE) value of g1 or
Hstage’z is comparable with that of MLE. However, as p grows (or 7 drops), more stages (i.e. larger
K) are required to obtain an estimator with optimal statistical efficiency. Nevertheless, the number
of required stages K remains very small (e.g. K < 4). Thus, the algorithm is communicationally and
computationally efficient. The SD, IQR, and range values also demonstrate similar patterns. These
results are consistent with our theoretical findings in Theorems 1 and 2 and Corollary 1.
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Table 1. Log(MSE) values and the corresponding SD, IQR, and range values for Example 1

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4

D SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS MLE

Log 1 -6.86 -6.86 -696 -696 -696 -696 -696 —-6.96 -6.96 —-6.96 —6.96
(MSE) 10 =391 -391 -4.61 -4.61 -4.62 -462 -4.64 -4.64 -465 -4.65 -4.65
20 -2.65 -2.65 -3.87 -3.87 -390 -390 -393 -393 -396 -3.96 -3.96
SD 1 0.15 0.15 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16
10 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05
20 0.03 0.03 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04
IQR 1 0.19 0.19 0.19 0.19 0.20 0.20 0.21 0.21 0.20 0.20 0.19
10 0.06 0.06 0.05 0.05 0.05 0.05 0.05 0.05 0.06 0.06 0.06
20 0.04 0.04 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05
Range 1 0.68 0.68 0.69 0.69 0.69 0.69 0.70 0.70 0.70 0.70 0.70
10 0.26 0.26 0.23 0.23 0.23 0.23 0.32 0.32 0.23 0.23 0.23
20 0.18 0.18 0.20 0.20 0.20 0.20 0.19 0.19 0.19 0.19 0.20

Note. The numerical performance is evaluated for different methods with different feature dimensions p( x 102). The
whole sample size N and local sample size 7 are fixed to be 10° and 2 x 10%, respectively. The reported results are
averaged for R = 100 simulation replications.

MSE = mean squared error; SD = standard deviation; IQR = inter-quartile range; BFGS = Broyden-Fletcher-Goldfarb-
Shanno; MLE = maximum likelihood estimator.

Table 2. Log(MSE) values and the corresponding SD, IQR, and range values for Example 1

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4

n SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS MLE

Log 50 -297 -297 =523 -523 -5.12 =512 -529 =529 -532 -5.32 -5.34
(MSE) 100 -4.23 -423 -5.28 -528 -5.30 -530 -532 -5.32 -533 -5.33 -5.34
500 -5.25 -525 -533 -533 -533 -533 -533 -533 -5.33 -533 -5.34
SD 50 0.04 0.04 0.08 0.08 0.29 0.29 0.08 0.08 0.08 0.08 0.08
100 0.05 0.05 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08
500 0.07  0.07  0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08
IQR 50 0.04 0.04 0.10 0.10 0.18 0.18 0.10 0.10 0.10 0.10 0.09
100 0.07 0.07 0.10 0.10 0.10 0.10 0.09 0.09 0.09 0.09 0.09
500 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09
Range 50 0.22 0.22 0.40 0.40 1.33 1.33 0.41 0.41 0.42 0.42 0.43
100 0.31 0.31 0.40 0.40 0.40 0.40 0.41 0.41 0.42 0.42 0.43
500 0.42 0.42 0.43 0.43 0.43 0.43 0.43 0.43 0.43 0.43 0.43

Note. The numerical performance is evaluated for different #( x 10?) and methods. The whole sample size N and feature
dimension p are fixed to N = 10° and p = 103, respectively. Finally, the reported results are averaged based on R = 100
simulations.

MSE = mean squared error; SD = standard deviation; IQR = inter-quartile range; BFGS = Broyden-Fletcher-Goldfarb-
Shanno; MLE = maximum likelihood estimator.

3.2 Comparison with competing methods

We next compare the proposed method with the following four competing methods: (1) the
distributed one-step Newton (DOSN) estimator of Huang and Huo (2019), (2) the
communication-efficient surrogate likelihood (CSL) based estimator of Jordan et al. (2019), (3)
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Table 3. Averaged computation cost T;, communication cost T, and total time cost T for Examples 1 and 2

P DOSN CSL DMGD DAQN DQN-BFGS DQN-SR1
Example 1
T, 500 0.95 1.86 40.29 3.94 0.59 0.68
1,000 2.71 5.54 70.49 13.44 1.11 1.36
2,000 8.69 24.75 113.59 33.92 3.63 3.72
2,500 13.14 45.37 267.96 68.14 5.57 7.27
T, 500 42.16 0.95 21.36 1.56 0.85 0.67
1,000 212.94 1.90 42.82 3.01 1.66 1.26
2,000 799.87 3.86 72.77 5.56 3.46 2.42
2,500 1,240.81 4.64 90.97 8.36 4.61 3.16
T 500 43.12 2.82 61.65 5.51 1.44 1.35
1,000 215.64 7.44 113.32 16.45 2.76 2.62
2,000 808.56 28.61 186.35 39.48 7.09 6.15
2,500 1,253.95 50.01 358.93 76.51 10.17 10.42
Example 2
T, 500 0.50 0.72 52.09 2.44 0.31 0.31
1,000 1.67 2.24 70.20 7.56 0.56 0.60
2,000 8.26 10.26 113.54 26.62 1.50 1.53
2,500 13.22 18.94 144.30 53.25 1.95 2.27
T, 500 40.47 1.07 19.09 1.00 0.36 0.31
1,000 166.58 1.68 41.57 2.20 0.69 0.56
2,000 775.31 3.09 72.49 5.35 1.42 1.18
2,500 1,308.45 3.72 91.92 6.79 1.80 1.58
T 500 40.96 1.79 71.18 3.44 0.67 0.62
1,000 168.24 3.92 111.77 9.76 1.25 1.16
2,000 783.57 13.35 186.03 31.96 2.92 2.71
2,500 1,321.68 22.66 236.23 60.04 3.75 3.85

Note. The time cost is evaluated for different methods with different feature dimensions p. The whole sample size N and
local sample size 7 are fixed to be 106 and 2 x 104, respectively. The reported results are averaged for R = 100 simulation
replications.

DOSN = distributed one-step Newton; CSL = communication-efficient surrogate likelihood; DMGD = distributed
momentum gradient descent; DAQN = distributed asynchronous averaged quasi-Newton; DQN = distributed
quasi-Newton; BFGS = Broyden—Fletcher-GoldfarbShanno

the distributed momentum gradient descent (DMGD) estimator of Goyal et al. (2017), and (4) the
distributed asynchronous averaged quasi-Newton (DAQN) estimator of Soori et al. (2020). The
simulation model used here is the same as that in Section 3.1. We fix the sample size to be
N = 10°, the number of workers to be M =50, and vary the dimension p from 500 to 2,500.
Moreover, we set K =4 for Example 1 and K =2 for Example 2. We replicate the experiment
for a total of R =100 times.

To gauge the finite performance of different methods, we consider four different performance
measures. First, to measure the estimation accuracy, we focus on the log(MSE) values. Second,
to compare computation efficiency, we record for each method the computing time for the master
plus the averaged computing time for each worker as T(lr) in the 7th (1 < < R) simulation. Then,
the averaged computing time T} for the R simulations is calculated and reported. Third, to meas-
ure the communication efficiency, the communication time for each simulation T({) is estimated by
the overall time cost T!") minus the computing time T({). Similarly, the averaged communication
time T is calculated and reported. Finally, the averaged total time cost T is also reported for better
comparison. The simulation results are reported in Table 3 and Figure 2.

£20Z 1800190 |0 U0 J8sn SoIWouodg pue soueul Jo Ausiaaiun reybueys Aq v1/€61 2/9ZE L /v/S8/a10e/gsss.l/woo dno-olwspese//:sdny woJj papeojumoq



J R Stat Soc Series B: Statistical Methodology, 2023, Vol. 85, No. 4 1337

Logistic Regression Poisson Regression
[Te) DQN-SR1 _ DQN-SR1
- _|-4- DQN-BFGS -4- DQN-BFGS
Pl 5o 8 Bosn
. ot -
m DMGD i L DMGD
-+ DAQN — © |-+ DAQN
Cz’) 0 MLE P I MLE
= <1 ~ -
D | & 4
(@] ,/
9 I
0 | 0
- N~
L? T T T T T | T T T T T
5 10 15 20 25 5 10 15 20 25
p(x10%) p(x10%)

Figure 2. Log(MSE) values for different methods with different dimension p. The results for the logistic and Poisson
regression models are given in the left and right panels, respectively. The whole sample size N and local subsample
size nare fixed at N=10% and n=2 x 10*. The number of workers M = 50. The reported log(MSE) values are
averages for R =100 simulations. MSE = mean squared error.

As shown in Figure 2, all methods demonstrate similar performance in terms of estimate accuracy
with similar log(MSE) values. From Table 3, the following conclusions could be drawn. First, for the
computation cost, we find that (1) T; for the DMGD method is much larger than that for the other
methods, because it requires a considerable number of iterations to converge; (2) the Ty value of CSL
increases dramatically as p increases due to Hessian inverse calculation with complexity of O(p?);
and (3) the DQN methods perform well with the lowest T values, which is especially true for large
p. Second, for the communication cost, we find that the T, value for the DOSN method is the high-
est. This is as expected because DOSN needs to transfer a Hessian matrix for calculation. This leads
to a complexity of order O(p?). In contrast, the DQN has the lowest T value. Finally, in comparison
of the total time cost, the DQN methods perform the best in terms of T. To summarise, the DQN
methods demonstrate comparable estimation accuracy and the lowest total time cost.

3.3 Ultrahigh-dimensional features

We next consider the ultrahigh-dimensional feature situation with p > 7. In this case, appropriate
sparse structure has to be assumed to the true regression coefficient (Fan & Lv, 2008). Therefore,
various screening methods (Fan & Lv, 2008; Fan & Song, 2010; He et al., 2013; G. Lietal., 2012;
X. Li et al., 2020) can be readily applied but in a distributed way. Once the feature dimension is
significantly reduced, the DQN algorithm can be readily applied. For the purpose of illustration,
we consider here the sure independence screening method for generalised linear models (Fan &
Song, 2010) and calculate the statistic in a distributed way as follows.

We start with a simulation setup as suggested by Fan and Song (2010). More specifically, the

-1/2 [p/3]

covariates are generated by X = (¢ + a;e)(1 + afj) , where ¢ and {&;;} o1 are independently

and identically distributed with N(0, 1), {8,~,-}[]ip[z/jj3]+] are independently and identically distrib-
uted following a double exponential distribution with location and scale parameters to be 0
and 1, and {3,-/}5;[217/3]“ are independently and identically distributed following a mixture normal
distribution with equal weights on N( — 1, 1) and N(1, 0.5). The {a,—,-}‘;zl are independently and
identically distributed with N(0, 1) for the first q variables and @; = 0 for j > g. The true feature
setis My = (1, ..., s} with s = 20. Define 67 = (6)) = 1,55 ® (1, — 1.1, 1.2, — 1.3, 1.4)/2, where
1, € R? is a vector with all elements equal to 1, and ® denotes the Kronecker product. The
response Y; is generated by a standard logistic regression. The feature dimension p and total sam-

ple size N are set at 10* and 10°, respectively. The number of workers is set to M = 20, 40,
and 50.
Next, we follow Fan and Song (2010) and compute the marginal maximum likelihood estimator

for each feature j on the mth worker as 6;,,. In most cases, this should be a biased estimate for 6;,
but could be useful for variable screening. This leads to a total of M marginal estimators 0 ,,.

These are then averaged as §;=M~' ", 6, which is an overall marginal estimator for 6;. We
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Table 4. Log(MSE) values and corresponding SD, IQR, and range for ultrahigh-dimensional case

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4
M CR SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS MLE
Log 2 1.00 034 034 -101 -095 -0.93 -0.86 -0.99 -1.01 -1.11 -1.08 -1.00
(MSE) 4 1.00 035 035 -134 -0.87 -1.29 -1.11 -142 -142 -147 -1.49 -1.4S5
5 1.00 040 040 -137 -0.73 -1.38 -1.13 -1.56 -1.53 -1.61 -1.64 -1.60
SD 2 1.00 0.05 0.05 0.05 0.04 0.05 005 005 0.05 0.05 0.05 0.05
4 1.00 0.06 0.06 0.06 0.0 0.07 0.07 0.06 006 006 0.06 0.06
5 1.00 0.07 0.07 0.06 0.08 0.08 0.09 0.07 0.07 007 007 0.07
IQR 2 1.00 0.08 0.08 0.07 0.05 0.06 008 0.07 0.07 0.06 0.06 0.07
4 1.00 0.09 0.09 0.09 0.08 0.10 0.10 0.10 0.10 0.09 0.09 0.09
5 1.00 0.09 0.09 0.08 0.09 0.12 0.13 0.10 0.11 0.10 0.09 0.10
Range 2 1.00 0.25 0.25 024 0.19 024 025 022 022 024 024 0.25
4 1.00 0.27 0.27 026 025 034 036 030 032 030 030 0.29
5 1.00 0.30 0.30 0.30 037 038 046 034 0.37 034 033 032

Note. The numerical performance is evaluated for different M (x10) and methods. The whole sample size N and feature
dimension p are fixed at 10° and 10*, respectively. Finally, the reported results are averaged based on R = 100
simulations.

MSE = mean squared error; SD = standard deviation; IQR = inter-quartile range; CR = coverage rate; BFGS = Broyden—
Fletcher-Goldfarb-Shanno.

next obtain the estimated feature set as M ={1 <j < p: |5,~| > y,}, where y,, is appropriately se-

lected such that |/\71| = [n/log(n)]; see Fan and Song (2010) for a more detailed discussion.
Consequently, the condition (C6) for the DQN algorithm is automatically satisfied. Thereafter,
the proposed DQN method can be readily applied to the dimension reduced problem with only
the selected feature involved.

To measure the performance of the distributed screening procedure and the DQN algorithm, we
compute the coverage rate for the rth (1 <7 <R) replication as CR" = |M") ﬂM(Tr)l/lM(Tr)l.
Then, the overall coverage rate is given by CR=R~'Y. CR". The other metrics used in
Section 3.1 are also considered. The detailed results are given in Table 4. From Table 4, we find
that the implemented screening procedure is screening consistent in the sense that all CR values
are equal to 1. Furthermore, with a fixed N, we find that a larger M always leads to a smaller
n. This leads to a smaller screening feature set with size [#/ log (n)]. Consequently, fewer redun-
dant features are included. This further results in even smaller log(MSE) values. Lastly, for the
DQN algorithms, a slightly larger number of stages (i.e. larger K) are required to obtain an esti-
mator that is competitive with MLE. These results are consistent with our theoretical findings
in Theorems 1 and 2 and Corollary 1.

3.4 Real data analysis

In this section, we apply the proposed method to the THU Chinese news dataset for illustration.
The dataset is publicly available at http:/thuctc.thunlp.org. The dataset consists of 14 types of
Chinese news collected from Sina news (https:/news.sina.com.cn) from 2005 to 2011.

For the purpose of illustration, we generate response Y; as follows. We first select all the news of
type technology and define the response Y; = 1. This leads to a total of N, =162, 929 positive
cases. We next randomly sample a total of [1.5N,] negative cases without replacement from
the other types of news. The corresponding response Y; is defined to be 0. Then, the total sample
size is given by N =407, 322. Different words are then extracted from the original documents.
Those words with top # % frequencies for each class are selected. They are then coded as binary
Y%covariates. We consider #% = 0.3%, 0.4%, and 0.5%, which leads to p =998, 1,333, and
1,660, respectively. All data are then randomly shuffled and distributed to M = 20 worker com-
puters. The competing methods and performance measures remain the same as those in Section
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Table 5. Averaged computation cost 7y, communication cost T, and total time cost T for the THU Chinese news

dataset
4 DOSN CSL DMGD DAQN DQN-BFGS DQN-SR1
T, 998 1.22 3.54 104.93 13.34 0.72 0.95
1,333 2.14 5.44 126.40 20.59 1.29 1.66
1,660 2.63 8.69 151.70 28.84 1.96 2.39
T, 998 62.56 0.36 38.52 0.12 0.99 0.71
1,333 129.28 0.45 54.27 0.26 1.26 0.92
1,660 193.91 0.56 66.65 0.36 1.57 1.10
T 998 63.78 3.90 143.45 13.46 1.71 1.66
1,333 131.42 5.88 180.67 20.84 2.55 2.58
1,660 196.54 9.25 218.36 29.20 3.53 3.49

Note. The time cost is evaluated for different methods with different feature dimensions p. The whole sample size N and
number of workers M are fixed to be 407, 322 and 20, respectively. The reported results are averaged for R =10
simulation replications.

DOSN = distributed one-step Newton; CSL = communication-efficient surrogate likelihood; DMGD = distributed
momentum gradient descent; DAQN = distributed asynchronous averaged quasi-Newton; DQN = distributed
quasi-Newton; BFGS = Broyden—Fletcher-GoldfarbShanno.
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Figure 3. Log(MSE) values for the THU Chinese news dataset. The log(MSE) values are evaluated for different
methods with different dimension p. The whole sample size Nis fixed ta N =407, 322 and number of workers M is
fixed at M = 20. Finally, the reported log(MSE) values are averaged for R =10 simulations. MSE = mean squared
error.

3.2 but with K = 5. Because we do not know the ground truth in real data analysis, the global es-
timators are then treated as if they were the true parameters. The experiment is randomly repli-
cated R = 10 times for a reliable evaluation. The results are summarised in Table 5 and Figure 3.
From Table 5, we find that the proposed DQN method has the lowest computation cost T. It
outperforms other competing methods significantly in terms of computation efficiency. The com-
putation advantage is particularly apparent when the feature dimension p is relatively large.
Moreover, we find that the communication cost T, of the DQN methods is slightly higher than
the smallest T, value for the DAQN method. However, the overall time cost of DQN (i.e. T) re-
mains the smallest. This suggests that the proposed DQN methods are computationally very com-
petitive. From Figure 3, we find that the proposed DQN methods also outperform their
competitors slightly in terms of estimation accuracy with the smallest log(MSE) values.

4 Concluding remarks

This article focuses on the discussion of statistical properties of DQN algorithms, which is moti-
vated by two well-known quasi-Newton algorithms, i.e. SR1 and BFGS. The proposed algorithms
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are highly efficient both communicationally and computationally. We theoretically show that
under mild conditions, only a small number of iterations are needed to obtain an estimator as stat-
istically efficient as the global one. As far as we know, this is the first work to discuss the statistical
properties of the DQN methods. Extensive numerical studies conducted on both simulation and
real datasets are presented to illustrate the finite sample performance. To conclude this work,
we discuss some interesting topics for future study. First, the DQN method proposed here requires
that data among different worker computers are homogenous. This requirement may be difficult
to satisfy for certain applications. Therefore, solving this problem should be an exciting topic for
future research. In addition, the proposed algorithm ignores privacy in inter-computer communi-
cation. This could be of great concern when sensitive information needs to be transferred.
Conducting DQN while ensuring data privacy will be investigated in the future.
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Appendices
Appendix A: Proof of the Main Theoretical Results

For simplicity, we define the following notation in the proof. Define y, = t@smge,m) - ﬁ(@smge,,)
and s, =§stage,t+1 _/éstage,t for ¢>1; particularly, yo= ZI(/G\smgeJ) — t(@smge,o) and
50 =55tage,1 —gstage,o- In addition, for the BFGS updating, according to (2.2), define H,,4 =
VIH,V, +p,sis], where V,=1I,—p,y;s] and p,=1/(s]y,). For SR1 updating, according to
(2.1), define Hy1=H; + (v]y,) '(vew]), for t>1, where v,=s;—Hsy,. Particularly,

Ho=M" Y5 Hon)-

A.1 Proof of Theorem 1

We decompose the theorem proof into two parts. In the first part, we show that the distance be-
tween @tage,l and /ﬁ\ge is bounded by x(M™! Zxﬂ [Il’é(m) — O0l1* + 1 Ly (00) — Q(00) 115 +
£y (60) = €200 (@) — 00) ® Ip}lla] + [0rcage,0 — Gol1)[Oscage0 — G0l with probability tending

to 1. In the second part, we verify that when N(p log p)*/n* — 0, then ||55tage,1 _5ge|| =0,(N71/2).
Part 1. To analyse ||6sage,1 — Ogell, we first define the following ‘good events’:

max

Tmin
Eo=110.. — ol <
0 {” ge 0” =4C }

75 . Tmin -1
Em {||9(m) Ol < mm{4cmax s 5}, n ieES C(Xi, Yi) £ 2Chax, (A.1)

D0 Ly (60) ] <

. or, (1 - 5)Tmin5min
m -Q < S
1Ly (60) — (00) 2 ” 2 ]
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where Smin = min {8, 0tmin/(4Cmax)}. By Lemma 2, we know P( UZ:O &) — 0. In addition, it
could be verified that the events N, & defined in Lemma 3 hold under N, £,,. Thus, it suf-
fices to analyse the upper bound of ||/9\Stage 1= ggell under ﬂ% o Em and ﬂx 0 &

We then proceed to study Part 1. Recall the definition of Gstagel, then by (CS) we have
Ostagel = nge 0o—M1 Zm | (G(W, )} Z(é)mge 0). In addition, define 9nr1 = 9stage,0 -

{E(@S,age’o)} 1E(Hsmge,o) to represent the one-step Newton-Raphson estimator. Then, by the tri-
angle inequality, we have

||05tage,l - gge” < ||95tage1 - anr 1l + ”0nr1 - gge”

stage (U -t Z 0(m £ ( estage,O )

.~

_I:/éstage,o - {Z(estage,O)}7] Z(/éstage,O)iI H + ”/énr,] _b\stage,l ”

M

= H |:{Z(§stage,0)}_1 - M_l {Z’(Wl)(’é(m))}_1:|».C(,§stage,0)
=1

m

+ ||6nr,1 - ege”

Denote A = {E(@Srageo)} - M1 Zm i (0(,” )}7!. We then investigate A, 6’m1 ng, and

E(Gmge o) in the following three steps, respectwely
Step 1. By the trlangle inequality, we have ||A1||2 < ||{ ( Stage0)} { (6 )} Il + ||{ (6 )} -

M zm L & (00}l + UM S0 L (00)) ™ = MU0y (L (O 12 2= 1A +
||A N, + ||A '|l,. We proceed to calculate the three terms separately.

Step 1.1. First, for any matrix B, we have ||(B + AB) — B7')l, < |B7Y|3]|AB|, (Jordan et al.,
2019). Substituting B = £(6y) and AB = E( stage,0) — L£(6o), it could be shown that

-1 -1

1601 < 2@ || E@uage) - Ee00)], < ﬁzcmaxn@tage,o ~ ol

min

The second inequality holds because || {ﬁ(@o)}_1 I, £2/{(1 = 6)tmin} under ﬂl\m/lzo &, and
||Z(§mge,o) — L(6) I, < zcmax”gstage,o — 6y || under ﬂi\,LO &,». Consequently, there exists a constant
x> 0 such that ||l < Kl[fage.o — 0ll/(6 X 2Comax)-

Step 1.2 Next, we analyse A(]Z). It could be shown that

M
A =M Z {Z(m)(go)}_l{z(eo) - Z(m)(@o)}{z(l%)}_1
M
=M Y (L 00} = {200} T{Z(00) = Lm0} {£(00)} "
m=1
+ {£(00)) " {£(00) = Lo (00)}{L(00)} ")
M . 1 . . . 1 . . . 1
=M Z {Lim(00)} {L(O0) = Lim(00) HL(O0)} {L(O0) — Limy(00) }{L(60)}

We then have APy < o () 12l £(00)} 13 x M7 Y0, I1£(80) = Li(60)]
6{(1-0° 2 ) 'x8MYM |IZ,)(00) = Q)15. This is because [|£(60) = Lym(6o)]

min

oo R
IANIA
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2{1.£(60) = (00)13 + 1 £1on)(60) = A00)1I3) and [I£(8o) = Bo)II3 < 1M~ 3y (L) (60) = (00)) 13
<(1+1/M)M! fozl 1Ly (60) — (60)113- Therefore there exists a constant x> 0 such that
ke

Step 1.3. Moreover, it could be proved that
12 9(m [‘C(m)(g(m))_Z:(m)(a())}{z(m)(eo)}_l

By Taylor’s expansion, Cauchy-Schwarz inequality, and Step 1.2, we have

M
||A(13)||2 < M1 Z {Z‘,(@O)}_l{z(m)( (m))_t(m)(eo)}{Z(Ho)}_l
" " ? (A2)
e MY {120 600) = QA0+ 100 — b0l

—_

m=

Hence, it suffices to study the first term of (A.2). Using Taylor’s expansion again, it could be veri-
fied that

o~

Lt @) = L (00)= £, (0 >[< =00) @ Iy |+ { £ (&) = L0y (00)}{ O — 00) @1

o~

L
={ £y (00) =200} @y — 00) @1, } + (00| Oy - 00) &1, } +0

where &) =n(m)§(m) +(1=#(,,))00 for some 0 <7, <1, O={Zf(m) (Eom) = L (90)}{(8 —60)Q1I,}.
In addition, we have || O], < 2Cmax||’9\(m) — 6y]|* by (C4). Replacing the results back into (A.2), we
obtain [|A Iy < k(M1 S0, (180 = 00112 + 11 £ (60) = Q60)I3 + 1{ £ (B0) = 00)H By —
00) @ Ip}l.]1 + ”gstageo 0ol)/(6 X 2Ciax). Combining the above-mentioned results, we have
1ALl < k(MM ||9 = 00)1* + 1 £ m) (60) — (90)||%+||{E(m)(90) (@0)}{(5’ —00)®Ip}2]+
||9smge 0—6ll )/(4Cmax) This finishes the proof of Step 1.

Step 2. In this  step, we study Gml — O, and L( Ostage,0). From Theorem 5.3 in Bubeck (2015),
when ||0stage0 9g5|| </1mm{£( ¢)}/(2C,), where Cg is the global Lipschitz constant of L(6)
such that | £(8) = £(8")|| < Cgellﬁ' —&||, we have

Cee 4Chax
5 ||65tage 0~ ege ” =

— <IN Gstagesn — Oel® (A.3)
imin{c(gge)} (1 - 5)Tmin tage.0 8

||6nr1 -6 e” <
> 8

Moreover, by (C4), it could be verified that ||ﬁ(55tage,0) - Z(gge) | <2Cpmax ||§5tage,0 —gge ||I. This fin-
ishes the proof of Step 2. R
Combining the results of Steps 1 and 2, we have ||95tag31 - 0g6|| < k(M1 Z 1 10pm —00l1* +
”‘Cm ( ) (00)”2"'”{ (m)(GO) 9(90)}{(9 90)®Ip}”2]+”95tage0_90”+||9ge_90”) ”95tage,0_
Egen with probability tending to 1. Noting that ||9ge — 6ol is a negligible higher-order term, and
we finish the first part.
Part 2. To prove the second part, we separately analyse the convergence properties of

M Oy = G012 M Y 1L ) (B0) = 0013, MY (£ (60) = (00} @y — 00) ®
I} and ”/H\Stage,o — 0y By Lemma 1 we know
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Elifm) — 001> < Cin™' CE{1 + 0(1)}
.. lo
E{ 12 m(00) - 0013} < G2 {1 4 0(1)}

V1
E|{ £ (60) = 2000} {@m) — 00) @ 1, } |, < G2 (14 0(1))

~ 2CZ  C3CLCHlo
E[HestageO 00”] (’L‘Z N+ & i H_OBP

2
min Thin?

){1+o(1)}

for some positive constants C1—Cy4. Moreover, by Markov’s inequality, we have

M
MY 180m) = 0112 + 12 (60) = QU603 + [{ £ (00) = 21601 H{ By - 00) @ I}
m=1
+ ||55tage 0~ 00” - Op PV 108 + N_]/z and ||6stage,0 - 60” = Op(l/m"" \'% log p/”)

(A.4)

Hence, ||@Stage,1 _/ége” =0,(n?plogp) + 0,(N~V?). Furthermore, under the condition
N(plogp)?/n* — 0, we have N]/zllgsrageﬂ —Egell —, 0, which finishes the proof of the second
part, thereby completing the proof of the entire theorem.

A.2 Proof of Theorem 2
To verify Theorem 2, we first prove that ||95tage2—9ge|| <Ko (M Zml ||9 —0l> +

1L ) (B0) = QO3 + 1 £, (60) = O (Bomy — O0) ® Ip}l12] + Bstageo — 00”>||65tage1 — Ogell for
some constant k, > 0, w1th probab1hty tending to 1. Next, we verify the optimality of 6, Ostage,2 under
the condition Np*(logp)® /n® — 0.

Note that by Algorithms 2 and 4, the proposed methods realise the global update of the approxi-
mated Hessian inverse. In other words, the two-stage estimator update (2.4) is equal to

o~

Ostage,2 = Ostaget — H1L(Ostage,1). For convenience, instead of directly studying Osage,1—

Hlt(/éstage,] ), we investigate gstage,l — (B )_1£(§Stage,1 ), where By = Hy!. By the triangle inequality,
it could be verified that

— — . - 1~ — o~ 1 T~
||Hstage,2 - ege” < ||9stage,1 - {£< ge)} L"(estage,l) - ege“ + H [{ﬁ(gge)} - B] I:I‘C(estage,l)H

We denote A(zl) ='éstage,l - {E(b\ge)}_lt(@stage,l) _gge and A(22) = [{2(5ge)}_1 - BIl]Z:(gstage,l)a where
A(zl) is independent of SR1 or BFGS update. Furthermore, by similar analytical techniques as those
used in (A.3), we have ||A<21) I < x/zllgsmge,l —/ﬁ\gell2 for some constant «, > 0 with probability tend-
ing to 1. Hence, it suffices to study A(Zz). Therefore, we investigate A(Zz) under the good events

ﬂifzo & and £ by SR1 and BFGS update separately.
Part 1 (SR1). By the Sherman—Morrison formula (Burden et al., 2015, Theorem 10.8), the SR1
updating formula can be expressed as

yo — Boso)(yo — Boso)"

(
B1=By+
(yo = Boso) "o

where By = Hy!. Then, we proceed to study A(zz), which can be rewritten as

A(ZZ) — {Z(b\ge)}_l{Bl - Z('ége)}Bilt(’éstage,l) (AS)
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Furthermore, when s; = By E( stage,1), Dy the triangle inequality, we have

o~

AP < L)} 2]yt = Bisill + llyi = L(@ge)s 11}

We then study y; — Bys; and y; — (ng)sl
Step 1. First, we investigate y; — Bisy. By (2.1), we have

1’07’051

y1 —Bist =y1 — Bos1 +
7450

where 7, =y; — B;s; for any ¢ > 0. Then by Taylor’s expansion, it could be proved that

”yl BOSI ” < H( (’éstage 1) BO)(gstage 2~ estage 1) + ‘C(fl)( stage,2 _b\stage,l)

- z(/H\Stage,l )(/H\Stage,Z - /éstage,l ) H
(A.6)

= 2’ ”t(/éstage,l) BO ”2 ||95tage 1= ege ” + ”‘C(él) ( stage, 1 )”2 ”95tage 1= b\ge ” ]

< 2{ ”2(/éstage,1) - BO ”2 + 2Cmax”5stage,1 _/ége” ] ||§stage,1 _,ége ”

Here & = 771 stage,2 + (1 — nl)ﬁstagel with some 0 < T < < 1. The second 1nequahty in (A.6) holds by

the trlangle lnequahty ||0stage,2 - estage,l ” < ||0stage,2 - ege ” + ||0stage,1 - ege ” and Lemma 4. The last
inequality in (A.6) holds by (C4). In addition, from (D.S5), it could be verified that

(Tso) rorTsp)) < Mrollistl _ 1£(Buage) = £Osase) = Bo(Buasest = Oscageo) [ 18rage2 = Osagent|
0 0 = - ) .
cillsoll €1 ||65tage 1= estage oll

{z(éstage,l) - BO}SO + { (50) ( stage, 1 )}50 ” ”95tage 2~ 9stage 1 ”

1 ||estage,1 - estage,O ”
2[ ”Z-"(b\stage,l) - BO ”2 ”b\stage,l _’e\ge ” + 4Cmax ||/6\stage,1 _/e\ge ” ”b\stage,o - ’e\ge ” }
(A7)

Here &, = nogstage,l +(1-m )b\stage,o with some 0 < 77, < 1, and the last inequality holds by Lemma
4 and (C4). Combining the results of (A.6) and (A.7), we have ||y — Bisi|| < 4{||Z(§Stage,1) -

BO ”2 + 4Cmax”5stage 0~ gge”}”gstage 1 _5ge|| Furthermore ”z(’\stage 1) - BO”Z < ”Z(Astage 1)”%
L ( stage, Ot =Mt Zm 1 l: ) ll2. Using an analy51s technique similar to the one used in

Appendix A.1 Step 1 to study the value of A1, we have ||L( stage,1) — Bolla < (M Z |¢9(m
oll* + II£ (m)(60) = Q0115 + II{ £ m) (6o) — (90)}{(6 = 0o) @ Ip}I»] + ||9stage0 Ooll)- Hence, we
have [ly1 = Bisill < & (M™" M (180 = G011 + 1 £ ) (B0) — Q(B0) 113 + I L ) (60) = Q(60)H(Om)

—60) @ Ip}l2] + IIGSmge,o — 0o + ||<9ge — 6| )Jl:émge,l —Egell. This accomplishes the proof of Step 1.
Step 2. In this step, we show that y; — £(fg)s1 is a negligible higher-order term. By Taylor’s ex-
pansion, it could be proved that

. o~

11 = £(Bge)s11l = 1£(Ousage2) — L(Bstage.1) = L(Bee) (Bstage2 — Ostage1)l

. ~ (A.8)
< ”{ (él) ( )} ||9stage,2 - estage 1 ” < 4Cmax||‘95tage 1= ege”Z

The last inequality holds by Lemma 4 and (C4). Combining the results of Steps 1 and 2, we finish
the first part of the theorem proof.

£20Z 1800190 |0 U0 J8sn SoIWouodg pue soueul Jo Ausiaaiun reybueys Aq v1/€61 2/9ZE L /v/S8/a10e/gsss.l/woo dno-olwspese//:sdny woJj papeojumoq



J R Stat Soc Series B: Statistical Methodology, 2023, Vol. 85, No. 4 1345

Part 2 (BFGS). Recall AY = {£(0g)} " (B1 — L(Oge)) By L(Outage,t) = 1L (0e)} ™" (B1 = L(Oge)}s1.
Denote
(2@} o[ (20} 50]'

Fo=1p- )’(T)So

Then it could be shown by Broyden et al. (1973, Lemma 5.1) that

~ . ~ T

(£} ™" {0 = L(Bee)so} [ {£@e0)} ™0

E, = PE)FE()PO + yTso
0

{z(age)}_l/zyo {yO - Z(’ége)s() }T{Z(/ége)}_l/z

=
Yo S0

Py
+

where Eg = {£(0g))"V*{Bo — L(Og){L(Oge) ™ and Ey = (£(04e))™*(B1 — L(Oge ML (0ge)) 2.
Then it could be proved that

o~

[L(ge )} *AS

.~ .~

[Z(0g)} ™ {yo = L(Bae)so}yis1
Y450

= E{ L)} *s1 = PTE0Po{L(Bge)} 51 +

120)} ™" *y0{y0 = LBge)so} {L£(Bge)} > Pos:
ySSO

+ = AP + AP 4 AP

Note that ||yo — E(gge)so I < ||/9\mge,0 —gge |2 by (A.8). Applying similar analytical techniques as in
Part 1, and using |ygso| = ISOTE(CO)SOI > ¢1llsol|® for some positive constant ¢; > 0, it could be veri-

fied that

A ~ A o
165cage,0 = Ogell“Nyolllistll . NOsage0 = Ogell“IL(Eo) M2 lIst I

2,2
1A% < k <— P —
1 ”50 ” 5] ||Hstage,0 - ng ” - ||95tage,1 - ng”

< K/z ||estage,0 - Qge I ||95tage,1 - age”

Similarly, for [[Po]l < 1+ 1/c1, we have [AZ? || < 1) [0cage.o — Oelll[Bstage.s — Opell. Thus, it can be
verified that [[AZ || < 11Bo — £(0ge)ll2 [[Ostage.1 — Ogell. By similar analysis of || £(0sage0) — Boll; as
in Appendix A.1 Step 1, we have [|Bo— L)l < (MM (1180 — 00l + |1 Ly (60) —
Q(00)113 + 1{ £y (80) = €2(00)H(Gim) — 00) ® Lp} 121 + [1Bstage,0 — ol + [Gge — boll). Thus, AP could
be bounded by AP < (M Y0 [10im) — O0l1* + Lo (60) — 60)I3 + I1{ £,y (60)
Q00)H (Oumy = 00) & Ip}ll2] + 16stage,0 — Ooll + [[0ge — 1) [Ostage,1 — Ogell. This finishes the proof of
Part 2 (BFGS). R R

Next, by (A.4) again, we have ||Ostage — Ogell = O, (p*(log p)*/? /1) + 0,(1/+/N). As a result,
under the condition N(p*(logp)?)/n® — 0, we have ||5stage,2 —5ge|| =0,(N71/2), which accom-
plishes the whole theorem proof.

A.3 Proof of Corollary 1
First, to prove [[Osagex — Ogell < (M Y0 [18m) = G011 + | Lo (60) — (00} 113 + 1{ £y (6) —

o~

Q(HO)}{(QW) -6)® Ip}”Z] + ”’Q\Stage,o - 90||)K”§stage,0 - ll, we Verify that ||/‘9\stage,l< _/ége” <
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o~

(MM 118y = G011 + 12 (60) — Q(G0)113 + I1{ £y (80) = €260} (Bm) — b0) ® Lo} l121+

||§stage,o — &) ||/9\smge,1<_1 —/G\ge |. In addition, by the triangle inequality, we have

||95tage,k - ng” = ||95tagek 1= Bk ]‘C( stage,k— 1) ege”

< I|05tage,k—1 { } stage k— 1 /ége I+ 1 [{‘C(/ége)}_] - B};E]]L(/éstage,k—l)”

(A.9)

for any 2 < k < K. Similar to the analysis of (A.3) at the beginning of Appendix A.2, it could be
proved that ||05tage,k—1 - {z(ege)}_l‘c(estage,k—l) - ng” < K;Z_] ”05tage,k—1 - ege”z with prObabihty
tending to 1. Because the first term in (A.9) is a negligible higher-order term, it suffices to study

the upper bound of the second term in (A.9).
Denote A; = [{£ ( O = Bkll]ﬁ(ﬁstage,k 1); then it could be verified that

1A = [{£(0ge)} " {BiL) = L(Oge) }BEt 1 £(Ousagest)|
< L@} ™ 15 1By = £Bee) |, | Bita |1 E(Ek1) ]| Otageyi—1 = Gl

By Lemmas 3 and 4, we know ||{E(5gc)}_1 I, and [|£(&,_1)]l, are both bounded by some constant
C > 0 with probability tending to 1. As a consequence to prove Corollary 1, it suffices to prove

that for any 2 <k <K, 1B = L0l <M S0 [100m = 00l + 1 £m(00) = QO3 +
I{ Ly (60) = QB0)H (Bim) — 60) ® Ip}l12] + [Bstage0 — Boll) with probability tending to 1. We then
verify the inequality by the inductive method under the SR1 and BFGS update separately as

follows. o ~ .
Part 1 (SR1). ASSume that [Bp_1 — L(6g )2 < K- (MM 10 = G0l + 1) () —

(90)||% +I{L m (6o) — (6’0)}{(9 —00) @ Iy}, ] + ”95tage0 —Ooll). The goal is to verify that
1B, — L ge)llz <Kk (MY [ ||0(m)_00||2+”£(m)(90)_ (B0)lI3 +1{ L) (60) — 00)H{(Gm — 0) ®
L1+ ||95rage,o —6o|l). To this end, by the SR1 updating formula and (D.5), we have

71l

1B = £(Oge)ll2 < 1By — L(Gge) 15 +
cillsel

Furthermore, it could be proved that, with probability tending to 1, we have

751l < ”‘C(estage,k—1> Bk 1”2”5k i+ H[' ék 1 (astagek 1 Hzllsk 1l
“a ”Sk_l I c1 Hestage,k - Hstage k—1 I

< T {12Be) = el + 12Buages-1) = LOee)la + | EE-1) = LBuages-1)],

M
< K (M—1 >~ [18m = 001 + 12 (00) = (0013 + [Bsage0 = ol
m=1
+{ L (00) = 00} { B = 00) @ 1} ])
The last inequality holds because ||55tage,k—1—5ge|| is a higher-order term compared to

M 10m) = G012 + Ly (00) = QA3 + 11 Ly (B0) = Q00 (Omy — 00) ® L}l2] +
”b\stage,o — 6. This finishes the proof of the first part.

£20Z 1800190 |0 U0 J8sn SoIWouodg pue soueul Jo Ausiaaiun reybueys Aq v1/€61 2/9ZE L /v/S8/a10e/gsss.l/woo dno-olwspese//:sdny woJj papeojumoq



J R Stat Soc Series B: Statistical Methodology, 2023, Vol. 85, No. 4 1347

Part 2 (BFGS). Similar to the proof of Part 1, assume that |B._;— i(gge)llz <
Kot (MM 1100 = 0011 + 1Ly (80) — Q(00)113 + I L, (00) = Q00 H (O — 00) ® Ip} 2] +
0sage,0 — Goll). By the BEGS updating formula and Broyden et al. (1973, Lemma 5.1), we have

-~ _ -~ o~ T
(£} v = EOuedser [ £0pe) ™y ]
E,= PZ_1Ek—1Pk—1 + T
Vi_15k-1
120c)} " yic1 et = LOge)sier ) {20} Prcy

+
-
Vp_1Sk=1

where

{'E'(/G\ge)} Vs [{E@ge)}_uz)’k—l]T

-
Vp_15k=1

Pk_lzlp_

. . . o~

Ej = {£(8ge)) ™ {Be = LB WL B}, and  Exy = (L)) *Bioy = L(Oge)} (L(0ge)}™>
Then, using similar analytical techniques as in Part 2 of Appendix A.2, and that |y}  sp_q| >
c1llsp_1 11> for some positive constant ¢1 > 0, it could be verified that ||E| < C{||Bp_1 — Z(Ege) I, +

||’9\stage,k_1 —ggell} with probability tending to 1. This finishes the proof of the second part. _
Next, applying (A.4) and the inductive method again, it could be proved that ||6yge  — Ogell =

O, (p*( log p) kD72 jyk+1) 4 0p(1/¥/N). As a consequence, under the condition

N{p2( logp)k“}/nyz+2 — 0, we have ||55mge,k —gge|| = 0,(N~1/2), which accomplishes the whole
corollary proof.

Appendix B: Some Useful Lemmas

Lemma1l Assume the technical conditions (C1)—(C6) hold. Then, the following equations
hold for some positive constants C1—C4 and 1 < k < 4.

E{10im — O01%} < Cin 2 CE{1 + 0(1)} (B.1)

log"* (2p)Cl,

E{IILm)(6) — QO)II5} < Ca )

(B.2)

~ 2CL  C3C2 c: 2
Bl = 017] < {35+ 226 (Chtogp + 228 ) 1 o)) (8.3)

min min min

E”{E(m) (00) = (00)}{ Gom — 00) ®1,,}H2 <P :’g” {1+0(1)} (B4)

Proof. Given (B.1)—(B.3) in Theorem 1,B.0.1, Lemma 7 in Zhang et al. (2013) and (C6), it
suffices to verify (B.4). To this end, operator G, = Lm — E(Lm), and G{M

represents the jth element of G,; then we have {E(m) (6) — Q(60)}

o~ . o~ .

1 Y
{(Om) = 00) ® Ip} =[G,y (60)(Op) — Bo)s - - - Gfm)(eo)(Q(m) —6)]. Consequently,
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by the Cauchy-Schwarz inequality, it could be proved that

-~ p . -~
E|{ £, (00) = 00 H{ Oy = 00) ® Iy}, < D E[ Gy (00) Oy = 00)]

~
—_

. ~ 1/2
{EIGH (60)I3END0n - 0011}

M~

<

]

1l
-

The first inequality holds because ||B||, < ||B||r for any matrix B, and || - || repre-
sents the Frobenius norm. By Lemma 16 in Zhang et al. (2013), we have

o~

EIG|,(60)l13 < O(logp/n). This leads to El{L,, (60) — 2(60)}{(Bm — 60) ®
L}, < O(py/logp/n). ]

Lemma2  Assume the technical conditions (C1)-(C6) hold. Then, we have P( U,Afzo &) —
0, where &,,s are defined in (A.1).

Proof. The proof is shown in Lemma 7 in Zhang et al. (2013) and D.1 in Jordan et al.
(2019). |

Lemma 3  Assume the technical conditions (C1)—(C6) hold. Let new events

(1-9)

gzm) = {imin{z(e)} 2 2 fmin for 0 € {60, gstage,()a gge}a

o~ ~ i , . 1—90)tmi ~
||05tage,0 - ege” < Fmin =0 5 lmin{‘c(m)(e)} > ﬂ for 6 € {0(), e(m)},
2Cax 2
P 5Tmin /
9E§§X5') 1L, < 2Cmaxd’ + 4 + Tmax := Cmax
e

We have P( ﬂZI:O En) < P( ﬂxzo &), where £,,s are defined in (A.1).

Proof. We analyse the three terms under the event ﬂ%:o Em separately. First, we prove
that

Amin{z(éstage,O)} > /‘I-min{Q(GO)} - ”‘C(QO) - Q(GO)HZ - ||z(55tage,0) - £(00)|l2

OTmin (1 = 0)Tmin

2 2

> Tmin =~ = 2 Conas [0stage0 = o1l 2
The first inequality holds because Ayin(B1)=miny, =1 u"(B1 — By + By)u >
min,, =1 #{ (By — B2)uy + min,,,—1 #J Bauz > —||By — B2 |5 + Amin(B2) for any sym-
metric matrixes By and B,. The last inequality holds because ||fstageo — Ooll <
Tmin/(4Cmax) under ﬂ%:o Emn. By similar technical analysis, we know that
Amin{Z(0)} > (1 = 0)tmin/2  when 6=6y or 6=0, and IAmin{Lim ()} >
(1 = 8)tmin/2 for 6 € {Bo, Om). Next, it is obvious that [[Ouage,0 — Ogell < [Grtage0 —
ol + ||5ge — &l € tmin/(2Cmax) under ﬂxzo En. Moreover, using the triangle in-
equality, we have
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max [[£(0), < max [£(6) = L(Bo)lls + II£(6o) — (0)ll> + 12(60) 1l

0EB(Dgerd) 0EB(Dyerd)
OTmi
S zcmaxé/ + Zln + Tmﬂx
This accomplishes the whole lemma proof. O

Lemma 4  Assume the technical conditions (C1)-(Cé6) hold. Then, there exists a positive

constant pg < 1 such that for any K > 0, ||’6\’smge,1< _b\ge” < pR-t ||/0\smge,1 _b\ge”
with probability tending to 1.

Proof. We first verify the lemma when K = 2. For the SR1 update,

estage,z 0 estage 1= H1 £( stage, 1 ) ege

= Ustage,1 _/ége - H; {Z(estage,l) - ﬁ( ge)}

-~ .o~ o~ -~

ge — Hlt(gge)(gstage,l - ng)

)

= Ustage,1 —

o~

+H, [b( ge) (Ostage,t — Oge) = {L(Ostage1) — b(})}]
= Hl {Bl - z('ége)}(’éstage,l _gge) +0
Here O =H; [2(/0\ge)(’9\mge‘1 —Ege) - {"C(/éstage,l) - ZI(/H\ge)}]. By Taylor’s expansion,

O is a negligible higher-order term. Then, it suffices to analyse H;{B — Z@e)}.
We have

(yo — Boso)(yo — Boso)"
(yo — Boso) "yo

By — L(0g) = Bo — L(0g) +

By similar analysis to that in Appendix A, Sections A.1 and A.2, it could be easily
found that By — Z@e) and {(yo — Boso)"yo) "' (yo — Boso)(yo — Boso)" both con-
verge to 0 in probability. Consequently, with probability tending to 1, there exists
a small pos1t1ve number p; < 1, such that |By — ( Oge)ll2I1H1 12 < py/2. Thus, we

prove that ”95tage 2= gge ” < P1 ”95tage 1— ng ”

Similarly, we obtain the linear convergence rate for Hsmge k using the same ana-
lytical techniques used to study ﬁsmge ». This finishes the lemma for SR1 updating.
The proof for BFGS updating is shown in Lemma 3 in Mokhtari et al. (2018). O

Appendix C: Additional Numerical Details

C.1 Distributed K-stage SR1 algorithm

We introduce the detailed multi-stage algorithm with the SR1 updating strategy, not specified in
Section 2.4. The key idea of the SR1 updating strategy is the same as that of BFGS updating strat-
egy; that is, we establish a distributed version from the classical single computer updating formula.
Nevertheless, the denominator in (2.1) involves H®. As a result, we need to design a distributed
algorithm more skilfully, so that the updated matrix of the distributed version is equivalent to
that of the global one, and the number of communication rounds remains the same as that of
the distributed BFGS updating algorithm. We first define vy = Ogqge st — Ostagee —
H,_ 1{5(95mge,k+1) E(@Smge )} for any k>1. In particular, we denote H,_1)=H0 and
v_1 =vy_1 = 0. The specific algorithm is given in Algorithm 4.
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C.2 Distributed K-stage Newton—-Raphson algorithm

Next, we introduce the detailed multi-stage algorithm but using the Newton—Raphson updating
strategy, which is not specified in Section 3.2.

Appendix D: Updating Method of Quasi-Newton Matrix

We introduce the detailed intuition and proofs to derive (2.1) and (2.2) in the main text. To this
end, denote y*) = LAY = £(67) and s® =g+ — g,

1. SR1 Updates. Equation (2.1) is the simplest quasi-Newton matrix updating formula. Let H? be
the tth approximated Hessian inverse; we then derive H*+1 satisfying the secant condition in
(1.2), using rank one updating. To this end, we use the undetermined coefficient method, assuming
that

H™ = HY + quu” (D.1)

for some undetermined coefficient # € R’ and a € R. Then, according to (1.2), we have
s = HHDy® = (H® 4 quu")y®, Then, it could be proved that

auTy(”u =5 — H(’)y(” (D.2)
Note that o'y € Ris a scale, indicating that # and s — H"y® share the same direction. Hence,
we denote # = s® — H®y; then (D.2) could be rewritten as a(s!) — HOy) Ty 0 (50 _ {30y =

s — H®y) Thus, we have a = {(s*) — H®y®)Ty®}=1 Applying the results back to (D.1) leads to

(s = HOy 0 (s — H(t)ym)T
(st — Hmy(z))Ty(t)

HE) = g0 4 (D.3)

According to the Sherman—Morrison equation (Burden et al., 2015, Theorem 10.8), (D.3) could be
rewritten as

B+ = B0 4 (D.4)

Here B ={H®”}™!, When using the SR1 updating formula, it should be well defined.
Consequently, (D.3) and (D.4) would be used only if

T
‘(S(t) _ H(I)y(t)) s > “S(t) _ H(t)y(f)””S(f) | or

(D.5)

T
’(y(t) _ B(t)s(f)) s > ”y(t) _ B(t)s(t)””s(f) I

for some positive constant 0 < ¢; < 1. Otherwise, we keep H**!) = H® or B**1) = Bi¥); see more
discussions in Conn et al. (1991) and Nocedal and Wright (1999).

2. SR2 (BFGS) Updates. SR1 updating is simple and easy to conduct. However, the positive def-
initeness of the approximated matrix (i.e. H®) cannot be guaranteed; that is, we cannot ensure
(y"¥) = BWs®)Ts® > 0, The SR2 updating formula was proposed to address this problem. Similar
to SR1 updating, given H?, we consider the determined coefficient method to obtain the updating
matrix H**Y, Here, for simplicity, instead of directly analysing H?”), we consider B = {H®}~!
first. Thus, given B, assume that

B = BO & guu + buv”
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Algorithm 4 Distributed K-stage quasi-Newton (SR1) algorithm

T~

InPUt: DQN(K_l) estimator 6,stzAgc,K—ly Vk-3 On the central computer, 6‘stagc,K—Zs L(astagc,K—Z)s VK-35
and Hessian inverse approximation Hy,, k_3) on the m-th worker

Output: DQN(K) estimator gstage,K
The central computer broadcasts 95:agc,1<-1 and vg_3 to each worker
form=1,2, ..., M (distributedly) do
Compute Z(m)(/émge,K_l) and transfer it to the central computer
Update local Hessian inverse approximation by
Hink-2) = Himg-3) + [Vk_3yx-3] " vk-3vk_s
end
The central computer computes Zl(amgc,K_l) =M1 Z%zl ﬁ(m)(’émgc,,(_l) and broadcasts it to each worker
form=1,2, ..., M (distributedly) do
Compute v, k—2) = sg-2 — Hymx-2)yk—2 and transfer it to the central computer
Calculate H(m,K,z)Z@mge,K,l) and transfer it to the central computer.
end
The central computer computes vg_ = M~' M v, x5 and
pr1=M"' Y H, (m,Kfl)Z:(b\stage,K—'l) + UK—ZUL_ZZ(b\stage,K—l )/ (VE_2Vk-2),

and obtains gsrage,K = estage,Kf'l = PK-1-

Algorithm 5 Distributed K-stage Newton algorithm

Input: K—1-stage estimator Qsmge,K_l on the central computer
Output: K-stage estimator gmgc,,(
The central computer broadcasts /éstage,K_l to each worker
form=1,2, ..., M (distributedly) do
Compute t(m)(’éstage,l(—‘] ) and transfer it to the central computer
end
The central computer computes t@stagc,[(—l) =M1 Z%:l Z(m)@scagc,l(—l) and broadcasts it to each worker
form=1,2, ..., M (distributedly) do

. ~ 1 .
Compute {ﬁ(m)(é)stage,K_l)} L(Ostage,k-1) and transfer it to the central computer

end

The central computer computes

o~ Lo~

b\stage,K =5stage,l<71 - M71 Z%:l {z(m)(gstage,l(fl)}_lﬁ(astage,Kfl )

where u, v € R? and a, b € R. When
{Z(é(ﬁl)) _ t@m)} — B(t+1)(§(z+1) _’e‘(z)) (D.6)

we obtain (B® + auu" + bvv")s® = y®; this leads to

(auTs(‘))u + (vas(‘))z/ =y — B
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Of the many ways to determine # and v, we consider the following criterion:
u=y" au"sW =1, v=BWs® and by"s® = —1. Consequently, (D.6) could be rewritten as

ym{ym}T B(t)s(r>(3<t)5(t))T

B — g 4
{S(r)}Tym {sm}TB(t)Sm

Finally, according to the Sherman—-Morrison formula (Burden et al., 2015, Theorem 10.8), we ob-
tain the updating formula (2.2).

Moreover, there is another method to derive (2.2). To be more precise, H'
lution of the following optimal problem:

#1) s exactly the so-

min |[H - HY
1 Il lw

(D.7)
st.H=H", Hy" =s®

Here ||H||y = || WY/?HW/2|| represents the weighted Frobenius norm, and W could be any ma-

trix that satisfies Ws') = y*). Analysing the optimal problem using (D.7), we find that the solution

of the problem (i.e. H**1) is a matrix H that is the closest to H”). In addition, H**!) should be

symmetric and satisfy the secant condition (D.6). For convex loss functions, it leads to (s?) Ty >

0; thus, when HY is a positive definite, H**!) would also be positive definite; see more details in
Nocedal and Wright (1999).

Appendix E: Supplementary Numerical Results

In this subsection, we provide the supplementary numerical results, which are not presented in
Section 3.1. Specifically, to evaluate the performance of our proposed DQN method in
Example 2, we report the log(MSE), SD, IQR, and range of log(MSE). The numerical results
with different dimension p and local sample size 7 are given in Tables E6 and E7, respectively.
All the results are qualitatively similar to those in the main text.

Table E6. Log(MSE) values and corresponding SD, IQR, and range for Examples 2

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4

p SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS MLE

Log 1 -919 -919 -919 -919 -919 -9.19 -9.19 -9.19 -9.19 -9.19 -9.19
(MSE) 10 -6.84 -6.84 -691 -691 -691 -691 -691 -691 -691 -691 -691
20 -6.09 -6.09 -6.20 -6.20 -6.21 -6.21 -622 -6.22 -6.22 -6.22 -6.22
SD 1 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14
10 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05
20 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
IQR 1 0.18 0.18 0.19 0.19 0.19 0.19 0.19 0.19 0.19 0.19 0.19
10 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07
20 0.05 0.05 0.03 0.03 0.04 0.04 0.04 0.04 0.04 0.04 0.04
Range 1 0.66 0.66 0.65 0.65 0.65 0.65 0.65 0.65 0.65 0.65 0.65
10 0.30 0.30 0.26 0.26 0.27 0.27 0.26 0.26 0.27 0.27 0.27
20 0.18 0.18 0.18 0.18 0.19 0.19 0.19 0.19 0.19 0.19 0.19

Note. The numerical performance is evaluated for different methods with different feature dimensions p( x 102). The
whole sample size N and local sample size 7 are fixed to be 10 and 2 x 10%, respectively. The reported results are
averaged for R = 100 simulation replications.

MSE = mean squared error; SD = standard deviation; IQR = inter-quartile range; CR = coverage rate; BFGS = Broyden—
Fletcher—Goldfarb—Shanno; MLE = maximum likelihood estimator.
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Table E7. Log(MSE) values and corresponding SD, IQR, and range for Example 2

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4

n SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS SR1 BFGS MLE

Log 50 -730 -730 -7.58 -7.58 -7.60 -7.60 -7.61 -7.61 -7.61 -=7.61 =761
(MSE) 100 -7.49 -749 -7.60 -7.60 -7.60 -7.60 -7.61 -7.61 -7.61 -7.61 -=7.61
500 -7.60 -7.60 -7.60 -7.60 -7.61 -7.61 -7.61 -7.61 -7.61 -=-7.61 -7.61
SD 50 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06
100 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06
500 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06
IQR 50 0.07  0.07 0.07  0.07 0.07 0.07 0.08 0.08 0.08 0.08 0.08
100 0.07  0.07 0.07  0.07 0.07 0.07 0.08 0.08 0.08 0.08 0.08
500 0.08 0.08 0.07  0.07  0.07 0.07 0.08 0.08 0.08 0.08 0.08
Range 50 0.39 0.39 0.36 0.36 0.37 037 037 037 037 037 037
100 0.42 0.42 0.38 0.38 0.37 037 037 037 037 037 0.37
500 0.39 0.39 0.36 0.36 0.36 0.36 0.37 037 037 037 0.37

Note. The numerical performance is evaluated for different z( x 10%) and methods. The whole sample size N and feature
dimension p are fixed to N = 10® and p = 103, respectively. Finally, the reported results are averaged based on R = 100
simulations.

MSE = mean squared error; SD = standard deviation; IQR = inter-quartile range; CR = coverage rate; BFGS = Broyden—
Fletcher-Goldfarb-Shanno; MLE = maximum likelihood estimator.
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